In this paper, we investigate systems of several point masses moving in constant curvature twodimensional manifolds and subjected to certain holonomic constraints. We show that in certain cases these systems can be considered as rigid bodies in Euclidean and pseudo-Euclidean three-dimensional spaces with points which can move along a curve fixed in the body. We derive the equations of motion which are Hamiltonian with respect to a certain degenerated Poisson bracket. Moreover, we have found several integrable cases of described models. For one of them, we give the necessary and sufficient conditions for the integrability.
Introduction
Recently, a lot of work has been devoted to study N body problem in spaces of constant curvature. Usually, it is assumed that points interact according to a certain generalization of the Newton Law of gravitation or the Hooke Law of elasticity. For a detailed overview of these works, we refer the reader to [1] .
Investigations of such systems show that even very simple models integrable in the Euclidean space are not integrable when generalized to a space with constant non-zero curvature.
In this paper, we propose to study simple models of several points in a constant curvature two-dimensional space M 2 where M 2 is Euclidean plane E 2 , sphere S 2 or hyperboloid H 2 . Motion of points is restricted by certain holonomic constraints. We assume that there are no other forces of interactions between points except those induced by constraints.
We notice that a dumbbell on a sphere is just a rigid body in Euclidean space and a two-chain system on a sphere can be interpreted as a rigid body which has one point inside which can move along a circle fixed in the body frame. We derive general form of equations of motion for this type of systems.
In the same way, we show that a dumbbell in a hyperboloid can be considered as a rigid body in a pseudo-Euclidean space. Similar to the Euclidean case, we derive equations of motion for a rigid body with one movable point inside. The problems of rigid bodies in non-Euclidean spaces are discussed in [2] .
The obtained equations have Hamiltonian form with respect to certain degenerated Poisson structures.
We investigate integrability of these system. For this purpose, we use methods of differential Galois theory.
A chain in Euclidean plane
A n chain is a system of (n + 1) points P 0 , . . . , P n ∈ E 2 . Point P i is connected with point P i+1 by a massless perfectly rigid rod and the junction is a spherical hinge. Thus, the points form an open chain with n links. If n = 1, then it is a dumbbell, and an example of a 2-chain is shown in figure 1 .
Further description in this section is just a shorter version of that presented in [3] . Let m i and q i denote the mass and the radius vector of point P i , respectively. The holonomic constraints have the following form:
where
and
Clearly, (q 0 , e 1 , . . . , e n ) specify the configuration of the system. Hence, its configuration space is 
for i = 0, . . . , n. Direct calculations show that the kinetic energy of the system is
It can be shown that
The total kinetic energy is the Lagrange function of the system, so the Lagrange equations of motion have the form mr = 0
where λ α are the Lagrange multipliers. Their dependence on dynamical variables r, e 1 , . . . , e n and velocitiesṙ,ė 1 , . . . ,ė n , can be deduced from constraints
Clearly, the total momentum of the system p = mṙ is a first integral. Moreover, the total angular momentum c = r × p + g, where
is also a conserved quantity. Thus, the chain centre of mass can be taken as the origin the inertial frame. Then, the equations of motion are reduced to system (2.12). In the considered planar case, it is convenient to parametrize the problem just putting
In these variables, the Lagrangian of the system reads Proof. The system has n degrees of freedom and has the energy integral, so it is evidently integrable for n = 1. It is also integrable for n = 2 because it has an additional integral g defined by (2.13) which in terms of variables (ϕ α ,φ α ) reads
One can also show it in another way. The Lagrangian depends on the differences of angles. Thus, we can choose as generalized coordinates q 1 = ϕ 1 and q α = ϕ α − ϕ 1 , for α = 1, . . . , n. Then q 1 is a cyclic coordinate and the corresponding canonical momentum is an additional first integral.
Numerical experiments given in [4] allow one to conjecture that for n > 2 the n-chain problem is not integrable.
Remark 2.2.
If we fix one end of the chain, then we obtain just a multiple pendulum. For n > 2 this system is seemingly not integrable, see [4] .
A chain in a sphere
As in the previous section, we consider a system of (n + 1) points P 0 , . . . , P n , but now these points move in the unit sphere S 2 ⊂ R 3 with the centre at the origin of R 3 . The sphere S 2 will serve as a two-dimensional Riemann manifold of constant curvature κ = 1.
Let m i and r i denote the mass and the radius vector of point P i , respectively. The imposed constraints now have the form
where d denotes the spherical distance. Equivalently, we can put
where α i ∈ (−1, 1). The kinetic energy of the system is
The Lagrange equations have the following form:
where λ i and γ i are the Lagrange multipliers and γ 0 = γ n+1 = 0. Group SO(3, R) is a symmetry group of this system. In fact, its dynamics does not depend on the orientation of the inertial frame because all constraints are invariant with respect to the natural action of SO(3, R) in R 3 . Thus, the total angular momentum
is a first integral of equations (3.3) . It is difficult to perform efficient analysis of the described system because even for small n the analytical form of equations of motion in terms of any reasonable parametrization is very complicated. This is why we decided to derive equations of motion in a different way.
At first let us consider the case n = 1, that is two masses m 0 and m 1 which form a dumbbell in a sphere. As r 0 · r 1 = α 1 ∈ (−1, 1), vectors r 0 and r 1 are not parallel. Thus, we can define orthonormal 
Hence, the configuration space of spherical dumbbell is SO(3, R). In fact, we can consider it as a rigid body with tensor of inertia
Eigenvalues of I give the following principal moments of inertia:
Finally, the spherical dumbbell equations of motion can be written in the following form:
is the angular velocity of the frame F B projected to the axis of this frame,
is the orientation matrix of frame F B with respect to the inertial frame with entries a i,j := e i · b j , for i, j = 1, 2, 3. MatrixΩ has the form
Summarizing, the spherical dumbbell is equivalent to a rigid body with one fixed point and with the tensor of inertia satisfying I 1 + I 2 − I 3 = 0. Now, let us consider three point masses m 0 , m 1 and m 2 on the unit sphere S 2 (figure 2a). If they form an open chain, then their motion is restricted by two constraints r 0 · r 1 = α 1 and r 1 · r 2 = α 2 .
(3.9)
Similar to the case of spherical dumbbell, we attach an orthonormal frame F B = {b 1 , b 2 , b 3 }, with b i defined in (3.6) , to the subsystem consisting of masses m 0 and m 1 . In this frame, mass m 2 moves along a circle (figure 2b).
As result we can consider a spherical 2-chain as a rigid body with an additional point moving freely inside it along a circle. 
Rigid body with a movable point inside
We assume that N points with masses m 1 , . . . , m N form a rigid body, i.e. mutual distances between them r i − r j are constant. One point of the body is fixed at the origin O of inertial frame F = {e 1 , e 2 , e 3 }. With the rigid body, we fix orthonormal frame F B = {b 1 , b 2 , b 3 }. Its origin coincides with O. Inside the body moves a point with mass m 0 .
The orientation of the body frame with respect to the inertial frame is given by matrix A ∈ SO(3, R) with entries that are inner products of base vectors A i,j = e i · b j .
For a vector x, its coordinates in the inertial frame F are denoted by x = [x 1 , x 2 , x 3 ] T and by corresponding capital letter X = [X 1 , X 2 , X 3 ] T we denote its coordinates in the body frame F B . The mapping
is the standard isomorphism between Lie algebra R 3 with the vector product as the Lie bracket and SO(3, R). We recall a few basic properties of this mapping that will be applied systematically:
If r is a vector radius to an arbitrary point in rigid body, then r = AR andṘ = 0. This is whẏ
whereΩ = A TȦ and Ω is the body angular velocity. The time evolution of r 0 is given bẏ
Kinetic energy of the our system T consists of kinetic energy of rigid body T B and kinetic energy T P of the movable point r 0 . The kinetic energy of the body is given by
where we introduced the tensor of inertia of the rigid body
In a similar way, we calculate the kinetic energy of moving point
Hence, the kinetic energy of the system can be written in the following form:
where we introduced the tensor of inertia of whole system
Let us notice that because R 0 = R 0 (t) tensor of inertia is not constant. The form of R 0 depends on the considered problem. When we assume that our material point moves along a certain curve fixed in rigid body frame, then
where z = z(t) is a local parameter on the curve. In order to obtain equations of motion, we can use Lagrange or Hamiltonian formalism. As the generalized coordinates one can use
The Lagrange function is
where components of Ω i in T given in (4.6) are expressed by q andq according to (4.9). Then we just write the Lagrange equations d dt
The Hamilton function of the system is given by Unfortunately, the presented classical derivation gives an extremely complicated form of equations of motions. This is why we decided to derive them in another form.
The angular momentum of the system is
where M is the angular momentum in the body frame. It is given by
where I is tensor of inertia for whole system given by (4.7). The Lagrange function can be written in the following form: 
where vector fields w i (q) are given by
Formulae for w 1 , w 2 and w 3 are obtained by solving relations (4.9) with respect toφ,θ andψ. These vector fields satisfy the following commutation relations:
where c 
As L does not depend on the Euler angles the above system reads
This system has to be supplemented by equations (4.17). However, for the considered system to make (4.22) closed we need to add only one equationż = v. We can transform system (4.22) into the Hamiltonian form using procedure of Chetaev (see [5] ). At first we define the momenta associated with the quasi-velocities
After this transformation, the equations of motion reaḋ For the considered system, the explicit form of the Legendre transformation is the following:
The Hamilton function has a simple form
The equations of motion are the following:
These equations are Hamiltonian with respect to a degenerated Poisson bracket. In fact, denoting Matrix P defines a degenerated Poisson structure of rank four with one Casimir function
For the integrability of system (4.29), we need one additional first integral which is functionally independent with H and K.
Point mass on a circle in a rigid body
We consider dynamics of a rigid body with point mass moving in a circle lying in a plane perpendicular to third principal axis b 3 ( figure 3 ). We assume that the centre of the circle lies on the principal axis. Thus,
For this choice of R 0 , we obtain
We chose such units of the length and the mass that a = 1 and m 0 = 
2 ) cos(2z)
For integrability of this system, one more first integral independent of Hamiltonian H and Casimir K is necessary.
In our integrability analysis, we used physical conditions satisfied by principal moments of inertia. They should be non-negative I 1 ≥ 0, I 2 ≥ 0 and I 3 ≥ 0 and satisfy triangle inequalities
If one of the principal moments is zero, e.g. I 1 = 0, then these inequalities imply that remaining two principal moments are equal to each other, in this case I 2 = I 3 .
The main integrability result is the following. 
To prove this theorem, we apply the Morales-Ramis theory that gives necessary integrability conditions in the class of meromorphic functions of variables. The main idea of this method is to investigate the variational equations along a particular solution. The integrability of the system is reflected by the properties of the differential Galois group of these equations. The fundamental theorem of this theory was formulated in [6] . Detailed description of this theory with many examples can be found in the book [6] or review article [7] and references therein. After selection of values of parameters such that necessary integrability conditions are satisfied, we search for a first integral.
Proof. Equations of motion (4.31) have quite complicated form and we do not write them explicitly. System possesses an invariant plane
, on which equations of motion simplify tȯ
This motion corresponds to a uniform rotation of the rigid body around its third principal axis. If
T , then variational equations along this particular solution take the form
and D = 1
and z satisfies (5.5). As according to the last equationŻ 2 = 0, we can fix Z 2 (t) = 0. Then equations for X 1 and X 2 give closed subsystem that can be rewritten as a second-order differential equation
Next, we introduce new independent variable y = cos(2z). Then (5.6) transforms into equation
with rational coefficients 
After transformation To investigate the differential Galois group of our normal variational equation (5.11) with rational coefficient r(y), we will use the Kovacic algorithm [8] . It allows us to decide if an equation of the form (5.11) possesses a Liouvillian solution. But applying it, we also obtain information about the differential Galois group G of this equation which is an algebraic subgroup of SL(2, C). There are four possible cases. This group is either reducible (traingularizable), imprimitive, finite non-imprimitive, or it is whole SL(2, C) when equation (5.11) has no a Liouvillian solution. If the last case occurs, then the system is not integrable.
We start analysis from the generic case when the variational equation (5.11) has four different singularities in complex plane C, and the order of infinity is 3. In terms of parameters, it means that
(5.12)
One can check easily that local solutions around y 1 = α contain logarithmic terms. This implies that G is either a subgroup of the Weil triangular group, or G = SL(2, C). In order to check whether differential Galois group can be triangular, we apply the first case of the Kovacic algorithm [8] . In this case, sets of exponents are the following:
Now we select elements e = (e 1 , e 2 , e 3 , e 4 , e 5 ) in the Cartesian product
There are only two such elements e and both give d(e) = 0: (1) , this requirement gives the following conditions:
and for e = e (2) these ones: We notice that in both cases the second equality cannot be satisfied, because we assumed that degree of infinity is three and in generic case G = SL(2, C). Analysis of all non-generic cases proceeds in a similar way but is lengthy, so we do not present it here. where d is a non-negative integer.
In both cases, the problem of the integrability of the system for the specified exceptional values of parameters remains open.
A chain in a hyperbolic plane
As a model of the hyperbolic plane H 2 , we choose a hyperboloid As it is easy to show z = C(x, y) = J(x × y). (6.6) This is why one can interpret it as a vector product in pseudo-Euclidean space R 3 . More importantly, one can easily check that R 3 with bracket [x, y] := C(x, y) is a Lie algebra. Later we will need the following facts. 
